Interdigitated electrodes represent a commonly used planar structure when it comes to implementing capacitive sensors. The electric field decays strongly in the surface normal direction of the electrode arrangement. This can be used to estimate the thickness of dielectric films residing on the electrodes. A simple example for an application would be the detection of the build-up of biofilms. The exact expressions for the capacitance are relatively complex and can be provided in closed form only for the case without a cover layer. In this contribution we present an efficient modeling approach based on a physically motivated approximation of the charge distribution on the electrodes. Establishing a closed-form spectral domain representation of the associated electric potential distribution allows a numerically highly efficient calculation of the capacitance utilizing the FFT algorithm. In contrast to previous works, additional cover layers can be easily included in the model, which allows studying the aforementioned sensing effect.
Introduction
Interdigitated electrodes are a feasible way of implementing planar structures for capacitance measurements. Applications are, e.g., humidity sensors [1] or bacteria growth monitoring [2] . The closed form calculation of the capacitance of interdigitated electrodes becomes impossible as soon as dielectric cover layers have to be included. Even without cover layers, the evaluation of the exact solution [3] is complicated, which motivated the development of numerically efficient approximations in the past, see e.g. [4] , where, however, no dielectric films on the electrodes are included. We present a numerically efficient approximation for the capacitance of interdigitated electrodes (periodic and non-periodic) considering covering layers and thus allowing associated parameter studies for sensing thin films.
Modeling
The model electrode structure considered in our work is shown in Figure 1 . Planar electrodes of width W=2b, separated by a distance d, are placed on a substrate, denoted by half-space (1), covered by a dielectric layer (2) of height h, and an additional half-space (3). The length L of the electrodes in zdirection is sufficiently large to neglect fringe effects, and the electrode thickness is negligible compared to the other dimensions of the structure.
We apply a Fourier transform with respect to coordinate x to the governing field equation for a chargefree region (Laplace equation for the electric potential φ). The Fourier transform reads, e.g., for φ ( )dx
where here and in the following a tilde indicates spectral domain variables. Doing so, a matrix formulation is obtained:
(1)
The general solution for the solution vector ψ , where n V and n λ are the Eigenvectors and
Eigenvalues of M , respectively, and n c the constants determined by the boundary conditions, is given
The boundary conditions connecting the individual solutions i ψ for every layer i of the system are given by the continuity of the electric potential φ and the interface condition for the normal component of the electric displacement D n in layers i and j, which jump according to the surface charge between the layers: D j,n -D i,n = ij . This surface charge is zero unless charged electrodes are present at the interface. These interface conditions are equally valid in the spectral (Fourier) domain. As can be seen, additional material layers can be easily added to the system by introducing another solution vector i ψ which is connected to its adjacent layers by a further set of boundary conditions. By means of these equations, the spectral domain fields can be readily computed if the surface charge (on the electrodes) is known. The approximation used in our approach is now based on a physically motivated ansatz function for the surface charge, which allows adjustments by means of parameters in the ansatz in order to fulfill the boundary conditions at the electrodes (constant potential). From the resulting approximation for the fields, the potential difference, and in turn an approximation for the capacitance can be obtained.
The modeling of the surface charge of an electrode is shown in Eq. 3, where A n is the amplitude of the Chebyshev polynomials T n . The model function implements the characteristic root singularities at the electrode edges (see Fig. 2 ) and combining it with Chebyshev polynomials [5] to account for asymmetric charge distributions.
These ansatz functions, apart from the physical motivation, feature the advantage that a closed-form Fourier transform (involving Bessel functions J n ) can be obtained. Equation 4 below includes the transform of a zeroth order ansatz function (T n =1), where A p is the amount of charge on a specific electrode (number p) and P p its position. Superposing the charges of several electrodes (summation over p) yields
Utilizing zeroth order Chebyshev polynomials provides a valid model for the charge distribution of a single stand-alone electrode. To account for asymmetries in the charge distributions when investigating the properties of an array of electrodes, higher order polynomials have to be included. After assigning a charge distribution σ to each electrode in the spectral domain, the inverse Fourier transform is performed by using an FFT algorithm. The electric potential can then be calculated, where the parameters in the Chebyshev polynomials are fitted such that the potential on each electrode is reasonably constant (see Fig. 3 ). A schematic of the corresponding charge distribution on the electrodes is shown in Fig. 4 .
From the resulting potential difference and the prescribed charges on the electrodes an approximation for the capacitance can be calculated. The entire computation is implemented in MATLAB and numerically highly efficient.
Sample results
As an example for a parameter study, Fig. 5 shows the dependence of the capacitance C´ (per unit length in z-direction) on the thickness h of a single cover layer (permittivity ε 2 ) with respect to the electrode spacing d. The cover layer is embedded between two half-spaces (ε 1 and ε 3 ), where the electrodes are placed on the lower half-space. For all calculations with different permittivity values ε 2 it can be seen that the sensitivity is highest if the electrode spacing is larger than the cover layer thickness.
Conclusions
A semi-numerical method for the calculation of the capacitance of interdigitated electrodes with cover layers has been developed. The method is highly efficient and can be expanded to include an arbitrary number of layers. 
